CS 573 Final Exam Questions Fall 2010

This exam lasts 180 minutes.
Write your answers in the separate answer booklet.
Please return this question sheet with your answers.

1. A subset S of vertices in an undirected graph G is called triangle-free if, for every triple of vertices
u,v,w €S, at least one of the three edges uv,uw, vw is absent from G. Prove that finding the size
of the largest triangle-free subset of vertices in a given undirected graph is NP-hard.

A triangle-free subset of 7 vertices.
This is not the largest triangle-free subset in this graph.

2. An n X n grid is an undirected graph with n? vertices organized into n rows and n columns. We
denote the vertex in the ith row and the jth column by (i, j). Every vertex in the grid have exactly
four neighbors, except for the boundary vertices, which are the vertices (i,j) such thati =1,i=n,
j=1,orj=n.

Let (xq,¥1),(x9,¥5),...,(xn, ¥m) be distinct vertices, called terminals, in the n x n grid. The
escape problem is to determine whether there are m vertex-disjoint paths in the grid that connect
the terminals to any m distinct boundary vertices. Describe and analyze an efficient algorithm to
solve the escape problem.

A positive instance of the escape problem, and its solution.

3. Consider the following problem, called UNIQUESETCOVER. The input is an n-element set S, together
with a collection of m subsets S;,S,,...,S,, € S, such that each element of S lies in exactly k
subsets S;. Our goal is to select some of the subsets so as to maximize the number of elements of S
that lie in exactly one selected subset.

(a) Fix a real number p between 0 and 1, and consider the following algorithm:
For each index i, select subset S; independently with probability p.

What is the exact expected number of elements that are uniquely covered by the chosen
subsets? (Express your answer as a function of the parameters p and k.)
(b) What value of p maximizes this expectation?

(c) Describe a polynomial-time randomized algorithm for UN1QUESETCOVER whose expected
approximation ratio is O(1).
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4. Suppose we need to distribute a message to all the nodes in a rooted tree. Initially, only the root
node knows the message. In a single round, any node that knows the message can forward it to at
most one of its children. Describe and analyze an efficient algorithm to compute the minimum
number of rounds required for the message to be delivered to every node.
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A message being distributed through a tree in five rounds.

5. Every year, Professor Dumbledore assigns the instructors at Hogwarts to various faculty committees.
There are n faculty members and ¢ committees. Each committee member has submitted a list of
their prices for serving on each committee; each price could be positive, negative, zero, or even
infinite. For example, Professor Snape might declare that he would serve on the Student Recruiting
Committee for 1000 Galleons, that he would pay 10000 Galleons to serve on the Defense Against
the Dark Arts Course Revision Committee, and that he would not serve on the Muggle Relations
committee for any price.

Conversely, Dumbledore knows how many instructors are needed for each committee, as
well as a list of instructors who would be suitable members for each committee. (For example:
“Dark Arts Revision: 5 members, anyone but Snape.”) If Dumbledore assigns an instructor to a
committee, he must pay that instructor’s price from the Hogwarts treasury.

Dumbledore needs to assign instructors to committees so that (1) each committee is full, (3) no
instructor is assigned to more than three committees, (2) only suitable and willing instructors
are assigned to each committee, and (4) the total cost of the assignment is as small as possible.
Describe and analyze an efficient algorithm that either solves Dumbledore’s problem, or correctly
reports that there is no valid assignment whose total cost is finite.

6. Suppose we are given a rooted tree T, where every edge e has a non-negative length £(e). Describe
and analyze an efficient algorithm to assign a stretched length sf(e) > £(e) to every edge e,
satisfying the following conditions:

e Every root-to-leaf path in T has the same total stretched length.
e The total stretch ) (sf(e) — £(e)) is as small as possible.

7. Let G = (V,E) be a directed graph with edge capacities c: E — R*, a source vertex s, and a target
vertex t. Suppose someone hands you an arbitrary function f : E — R. Describe and analyze fast
and simple algorithms to answer the following questions:

(a) Is f afeasible (s, t)-flow in G?
(b) Is f a maximum (s, t)-flow in G?

(c) Is f the unique maximum (s, t)-flow in G?



Chernoff bounds:

If X is the sum of independent indicator variables and u = E[X], then
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You may assume the following running times:
e Maximum flow or minimum cut: O(E|f*|) or O(VElogV)
e Minimum-cost maximum flow: O(E?log® V)
(These are not the best time bounds known, but they’re close enough for
the final exam.)

You may assume the following problems are NP-hard:

CIRCUITSAT: Given a boolean circuit, are there any input values that make the circuit output True?

PLANARCIRCUITSAT: Given a boolean circuit drawn in the plane so that no two wires cross, are there any
input values that make the circuit output True?

3SAT: Given a boolean formula in conjunctive normal form, with exactly three literals per clause, does the
formula have a satisfying assignment?

Max2SAT: Given a boolean formula in conjunctive normal form, with exactly two literals per clause, what is
the largest number of clauses that can be satisfied by an assignment?

MAXINDEPENDENTSET: Given an undirected graph G, what is the size of the largest subset of vertices in G
that have no edges among them?

MaxCLIQUE: Given an undirected graph G, what is the size of the largest complete subgraph of G?

MINVERTEXCOVER: Given an undirected graph G, what is the size of the smallest subset of vertices that
touch every edge in G?

MiINSETCOVER: Given a collection of subsets S;,S,,...,S,, of a set S, what is the size of the smallest
subcollection whose union is S?

MINHITTINGSET: Given a collection of subsets S;,S,,...,S,, of a set S, what is the size of the smallest
subset of S that intersects every subset S;?

3CoLoR: Given an undirected graph G, can its vertices be colored with three colors, so that every edge
touches vertices with two different colors?

MaxCut: Given a graph G, what is the size (number of edges) of the largest bipartite subgraph of G?
HamirToNIANCYCLE: Given a graph G, is there a cycle in G that visits every vertex exactly once?
HamiLTONIANPATH: Given a graph G, is there a path in G that visits every vertex exactly once?

TRAVELINGSALESMAN: Given a graph G with weighted edges, what is the minimum total weight of any
Hamiltonian path/cycle in G?

SUBSETSUM: Given a set X of positive integers and an integer k, does X have a subset whose elements
sum to k?

PARTITION: Given a set X of positive integers, can X be partitioned into two subsets with the same sum?

3PARTITION: Given a set X of n positive integers, can X be partitioned into n/3 three-element subsets, all
with the same sum?




